Abstract Variational integrators are obtained for two mechanical systems whose configuration spaces are, respectively, the rotation group and the unit sphere. I n the first case, an integration algorithm is presented for Euler's equations of the free rigid body, following the ideas of Marsden et al. (Nonlinearity 12:1647(Nonlinearity 12: -1662(Nonlinearity 12: ,1999. In the second example, a variational time integrator is formulated for the rigid dumbbell. Both methods are formulated directly on their nonlinear configuration spaces, without using Lagrange multipliers. They are one-step, second order methods which show exact conservation of a discrete angular momentum which is identified in each case. Numerical examples illustrate their properties and compare them with existing integrators of the literature.
Introduction
Certain important mechanical systems are formulated on nonlinear configuration spaces and this non-linearity greatly complicates their numerical approximation. For example, in structural mechanics, geometrically exact rods and shells have configuration spaces that include the space of rotations and the unit sphere, respectively The rigid body and the dumbbell furnish simpler models whose configuration spaces are also the rotation group and the unit sphere, respectively, and their analysis provides insight into the behavior of the more compl icated structural models mentioned above. These two model problems are, moreover, important in their own right, since they appear frequently in many Engineering applications, such as robotics, multibody systems, vehicle dynamics, etc.
When solving numerically any of these problems it is important to identify and select the most accurate and robust time integration schemes available, and many articles have been devoted to the development of such type of methods
The concept of "accuracy" needs to be properly understood. Whereas the order of accuracy of a given algorithm is an unambiguous concept, there are other important aspects that come into play when trying to ascertain the "correctness" and precision of a given numerical solution. Some of these are the preservation of invariants (such as energy and momentum) and other qualitative features of the exact flow (relative equilibria, symplecticity, etc). In long term dynamic simulations, numerical errors unavoidably accumulate and can add up to a significant part of the solution. For this type of problems, even algorithms that possess high order of accuracy can provide essentially wrong responses. In these cases it is especially important to use algorithms which capture accurately the qualitative features of the solution. It might be advisable to select an algorithm with low order of accuracy versus another with higher order if the former produces a more "correct" and thus more "accurate" picture of the solution dynamics.
Arguments of this sort have motivated the current interest in so called geometric integrators that is, methods that capture some of the qualitative properties of the exact motion. Some of the most popular geometric integrators for Hamiltonian systems such as the rigid body include symplectic methods and the energy-momentum methods
Variational integrators, a family of geometric methods whose origins can be traced back to , are becoming increasingly popular and an active area of current research
The idea underlying these methods is strikingly simple: instead of discretizing the ordinary differential equations of motion, variational integrators seek the stationary solution of a discrete action functional. In order to do so, only an approximation of the Lagrangian is required which, moreover, must be expressed solely in terms of the discrete positions of the system. Once the Lagrangian is chosen, the dynamic equations follow systematically. These equations have, by construction, symmetries and conservation laws related to those of the continuum equations.
The equations of a variational integrator depend exclusively on the choice of the discrete Lagrangian. Using it, a set of discrete Euler-Lagrange equations can be derived which provide algorithmic updates that generate a discrete flow. In mechanical systems with linear configuration spaces, for example, nonlinear systems of springs and point masses.the formulation of the discrete Lagrangian is trivial, and their corresponding Euler-Lagrange equations are readily obtained I n contrast, formulating a discrete Lagrangian for a mechanical system with a nonlinear configuration space is not so simple Despitethese difficulties, and given the success of variational methods and their potential, it seems relevant to apply them in these nonlinear spaces. The original work of already presented a variational method for the rigid body equations. This idea was further exploited in It was found in the latter work that such an algorithm could be implemented using quaternion variables and a Lagrange multiplier to enforce the constraint that the quaternions should remain of unit modulus.
Inthis work we will present variational integrators for the Euler equations of rigid body dynamics and the dumbbell formulated directly on their nonlinear configuration manifolds. In the case of the rigid body, some of these ideas have been presented in abstract form in without details on the implementation nor numerical results. In contrast, in this article we will provide explicit expressions of the discrete update maps that define variational integrators in two non-I i near spaces, and we wi 11 assess their performance i n terms of "accuracy", as discussed above, comparing them with other existing methods.
An outline of the rest of the paper is as follows. Section 2 reviews some basic concepts related to the mathematical description of the rotation group and its relation with the unit sphere. In Sect. 3, Euler's equations of the rigid body are obtained from the Lagrangian formalism, illustrating the continuous variational framework of the equations. Next, in Sect. 4 the variational integrator for the former equations is presented, and its properties are discussed. Sections 5 and 6 discuss the continuous and discrete variational formulation of the rigid dumbbell, mimicking the analysis devoted to the rigid body. The numerical properties of all the proposed methods are verified and illustrated by means of numerical examples in Sect. 7. A summary of the main results is provided in Sect. 8.
The rotation group and the unit sphere
Euler's equations of motion are formulated in the special orthogonal group of rotation matrices, the Lie group SO(3). Some notation and a few definitions regarding this group will be useful for the derivation of the algorithms of later sections.
The rotation group is a matrix set defined by: SO(3) 3-3. . T. . .,. det . . . -| . (-|) together with the operation of matrix multiplication. The Lie algebra of SO (3) is denoted so(3) and corresponds to the space of infinitesimal rotations, represented by the skewsymmetric matrices:
There is an isomorphism between skew-symmetric matrices and vectors. Each skew matrix W has a unique axial vector W such that Wb« W« b, for all b« • 3 . The exponential map exp [•] takes skew matrices into rotation matrices and its close form is given by Rodrigues' formula:
Frequently, it will be necessary to refer to incremental rotations and rotation vectors. Given two rotations* r* 2 we define the (right) incremental rotation Ft! and its associated (right) incremental rotation vector • \ as
In the derivation of the equations of the integrator it will be required to take derivatives and variations of curves in SO(3). For that, given a curve inSO(3) parametrized by time 
for some arbitrary curve ••* »t« in SO(3).
Finally, we will need to linearize the exponential map If •'•t» is a function is SO(3) of real variable t then
where the operator dexp*" is defined by
In this last expression, and for the rest of the section, the dependence of • on t is not explicitly shown. The inverse of the operator dexp*" has a close form expression that reads: This operator has the properties:
The configuration space of the rigid dumbbell with a fixed point is the unit spheres 2 , another nonlinear manifold. In the analysis of Sects. 5 and 6 we will make use of the identification of S 2 with the quotient space SO(3)«S Only two components of • determine uniquely • . A close form expression for such a rotation is
The time derivative of any unit vector function can thus be written alternatively as
for some body angular velocity • , orthogonal to e3.
In Sect. 4we will mimicthesame procedure in a discrete setting to derive an integrator. We consider a rigid body with a fixed point 0 • • 3 . At this same point we choose a fixed frame of reference with basis vectors ei« i • 1» 2« 3, and a moving reference frame E|« i • 1 * 2* 3 aligned at all timeswith the principal directions of inertia. The principal moments of inertia are denoted h* l 2 * b and thus, in the moving basis, the inertia tensor is I • diag-h* 12* b*.
The configuration space for this mechanical system is SO(3). A rotation • • SO(3) represents a configuration of the body, mapping isometrically vectors in a reference configuration to the current configuration. The whole motion of the body is thus represented by a map • »t» providing the configurationateachtimeinstantt • •OT*.The Lagrangian for the rigid body is a function !_•• • •*• t« equal to its kinetic energy. The action functional is defined as:
The Euler-Lagrange equations of motion can be derived by invoking Hamilton's principle of stationary action
restricting the admissible motions to those with fixed values . .Q. . . 0 .. .j..
• T , and integrating by parts. This procedure, which istrivial when the configuration space is linear, becomes somewhat complicated because the variations •• must be of the form (6) and the Lagrangian of the free rigid body has a cumbersome expression as a function of* and •*. There is, however, a simpler way of obtaining the equations of motion for a free rigid body. Due to the symmetries of the mechanical system, the Lagrangian of can be reduced to a function • defined on infinitesimal rotations:
where the (body) angular velocity is defined in Eq. (5). A reduced action can hence be defined as a functional of the reduced Lagrangian •:
.T
•••dt« (17)

Lagrangian formulation of the free rigid body
The derivation of the free rigid body equations from the Lagrangian formal ism can be found, Next, we outline this process and summarize the main results.
and the reduced Euler-Poincare equations of motion can be obtained from the variational principle:
The variations • • are not arbitrary functions but, according to Eqs. (5) and (6) (18) and integrating by parts we obtain Euler's equations for the rigid body:
The free rigid body is a conservative system and thus its total energy, which has the same value as the Lagrangian, is preserved during the motion. It should be noted that the solution of Eqs. (19) provides the angular velocity • »t« in the time interval of interest, but does not give the motion itself. To obtain the configurations • »t\ we must reconstruct them from Eq. (5).
Defining the body and spatial angular momenta, respectively as* • l» and • • •• , it is straightforward to see that Eq. (19) can be written as
From this point of view, Euler's equations are simply the statement that the spatial angular momentum is preserved.
Variational integrators for the rigid body
Variational integrators for the rigid body are derived almost in the same way as Euler's equations. First we postulate a discrete Lagrangian and, from it, we obtain a discrete action sum. Both must approximate in a certain way the true Lagrangian and action, respectively. From this point, we simply find the discrete solutions that make stationary the discrete action. In the case of the rigid body this step is not as trivial as with other mechanical systems.
Before defining such functionals we describe the discretization of the time interval i n which we want to approximate the motion. (3) defined on an interval of the real line, we will now be able to work with a finite sequence of rotations R»T • SO(3).
The discrete Lagrangian and action sum
The crucial step in the formulation of variational integrators is the definition of a discrete Lagrangian. This function must approximate the integral of the continuous Lagrangian (16) over a time interval defined by two consecutive time instants in T . Moreover, its explicit expression can only employ data from R.
We pretend to construct the simplest variational integrator for the rigid body. For that, given t n *t n . 1 • T, we could define the discrete Lagrangian and discrete action sum as tn-1 Ld" n" tr 1*tn*trr i* • L" •t"»*»t"t"dt"
IT 0 The discrete motion could now be obtained as the sequence R that makes Ad stationary, under the restrictions that • 0 and • N remain fixed. However, as explained in Sect. 3, the expression of the Lagrangian of the rigid body as a function of the motion • »t« and its time derivative is cumbersome. Thus we take a simpler alternative which consists in constructing a discrete reduced Lagrangian and obtaining the discrete Euler-Poincare equations. The discrete reduced Lagrangian «d and corresponding action ad should approximate the reduced Lagrangian and action, respectively, and hence:
IT 0
A simple expression for the discrete reduced Lagrangian is:
• t n where • t n • t n . 1 • t n and • ^ 1 has the geometric interpretation of being the incremental rotation vector from • n to • n -1-The motivation behind this definition is as follows.
To approximate an integral of the reduced Lagrangian •, we use the reduced Lagrangian evaluated with an approximation to the continuous angular velocity. The employed vector is the exact angular velocity of the smoothest curve connecting • n and • n -1, the so-called spherical interpolation between these two rotations The midpoint approximation of the Lagrangian gives a second order approximation of the integral (22) and is responsible for the second order accuracy of the resulting integrator.
In passing from the full variational principle to the reduced problem, the stationary solution that we seek is no longer a sequence of rotations but a sequence of incremental rotation
Given the initial rotation • o, the sequence • can be employed to reconstruct the full motion R.
The discrete equations of motion
In Sect. 3, the equations of motion of the rigid body were obtained from a variational principle which sought the stationarity of the reduced action with respect to a special type of velocity variations. Repeating this same argument now on the action sum (22) and discrete reduced Lagrangian (23) we get:
•3d
The variations of the incremental vector are not arbitrary because they must be related to the variations of the configurations in R. Taking variations on the relation (4), using the definition of the operators dexp*" and its inverse, we readily get: Proof From thevariational statement (24) and the expression for the variations (25) we can write:
In the first sum we use the fact that 1» p 'dexpinv ^ • ". , * tn-1
IT 1_
•
Collecting both sums the result reads:
Since the variations •• n are arbitrary for 0 • n • N, the expression inside the parenthesis must vanish and, using relations (10), equation (26) follows
The discrete Euler-Poincare equations of Theorem 1 provide an update map < IT 1 .
• JJ. v In other words, this map is the integration algorithm that provides the discrete time evolution of the incremental rotations, i.e, the sequence • . As in the continuous case, the solution to the Euler-Poincare equations does not directly provide the configurations, which must be reconstructed from the incremental rotations: given the initial configuration • 0 and the sequence • , the rotation • n -1 is obtained recursivelyjtom trie previous rotation using the formula • n -1 • • nexp •* n n . 1 . We observe that the update equations for the variational integrator are implicit and nonlinear, in contrast with other variational integrators for discrete systems of springs and mass points, or even nonlinear elasticity (see [13] ). Only if the three principal moments of inertia are identical, the Algorithm (26) becomes explicit after using property (10). • t 0 will spoil the second order accuracy of the method. In fact, any other second order method could be employed to obtain the initial incremental rotation, for the variational properties of the attendant method are independent of it.
Conservation laws
We have seen in Sect. 3 that the motion of the free rigid body preserves the spatial angular momentum. As Noether's theorem shows, this is a consequence of the symmetry of the Lagrangian with respect to (left) superposed rotations.
The discrete Lagrangian is also invariant with respect to the left action of the rotation group. The discrete Noether's theorem guarantees the existence of a corresponding conservation law in the discrete solution, the conservation of discrete angular momentum. The precise form of this quantity is obtained from the stationarity of the discrete action itselfunder superposed rotations but can be obtained directly from the discrete equations of motion (26). For this, recall that Euler's equations can be understood as the statement of preservation of spatial angular momentum (see Eq. (20)). In order to show that the algorithmic equation (26) 
if the following notation is introduced:
The vectors •".-,•• fj. -,, and • ^ 1 are, respectively, discrete approximations to the average spatial angular momentum, body angular momentum, and body angular velocity in the interval 'tn'tn-1*-Moreover, they are second order approximations to their continuum counterparts at time t • As it happens with other variational integrators, the numerical method defined by Eqs. (26) does not preserve the spatial angular momentum which results from a natural discretization of the continuous momentum, which we denote -i, II 2 the momentum at the midpoint, and which for this case would be:
Instead, the algorithmic spatial momentum • ^ v the one consistent with the variational structure of the method, is exactly preserved intime. Asitwill beshown in the numerical simulations of Sect. 7 the values of both quantities are similar, but not identical.
Just as variational integrators preserve discrete momenta, the theory of these methods shows that they exactly preserve a discrete symplectic form . The precise statement of this property in the context of the algorithm discussed in the present work, as well as it proof, 
• t n
We note that the body angular velocity, as defined in step 6, can be eliminated completely from the algorithmic update equations. Its value can be calculated after the whole trajectory is computed either from the values of the incremental rotation vectors or from the body momentum.
Lagrangian formulation of the Dumbbell
We consider next the dumbbell, another example of a mechanical system with a nonlinear configuration space. In contrast with the free rigid body studied previously, the next example includes forcing. The dumbbell consists of two point masses mrni2 under external forces, connected by a rigid bar of length b. The configuration of such a body is completely determined by the position of its center of mass and the orientation of the rigid bar. In this work we focus on the simpler case in which the center of mass is a fixed point.
The orientation of the bar can be described with a unit vector d • • 3 pointing from the center of mass towards point mass m-|. The configuration space is thus S 2 , the unit sphere in • 3 , a nonlinear two dimensional manifold.
Let I • mim2b 2 «Trii • nv be the (scalar) inertia of the dumbbell. The Lagrangian of this mechanical system is equal to its kinetic energy minus the potential energy of the external forces, which we assume that depends only on the configuration and can be written alternatively as
where • is the unique rotation that maps e3 into d without drill. The action associated with the previous Lagrangian is 
I n order to i nvesti gate the effects of symmetry in theequations, and later in the variational integrator, we assume that the loading g is of the form g«t« • g»t«e3, where g is a scalar function. In this way, the potential energy is invariant under the action of the subgroup of rotations that leave e3 invariant, which we denote G. Since the kinetic energy is fully SO(3) invariant, the symmetry group of the Lagrangian will be G. By Noether's theorem, there is a conserved quantity associated with the symmetry the Lagrangian with respect to the action of G. It can be verified that this quantity is precisely the projection of the angular momentum
(39)
A variational integrator for the Dumbbell
To obtain the equations of the variational integrator for the dumbbell we follow the steps taken in Sect. 4 for the rigid body. We consider the same discretization of the integration interval and we look for a sequence of approximations to the dumbbell orientation D •• 'do'di dN\ or equivalently, a sequence of rotations R •• •• o»» 1 N'.each of the latter mapping e3 without drill to the corresponding unit vector. The crucial step in the formulation of the integrator is the choice of the discrete Lagrangian and we select the following trapezoidal approximation: £d" n" n-Ttn'tn. T " ^"nV 2 -^-Vext-n" Vext" n-I'" (40)
• t n " ' 2 which for the specific form chosen for the external forces, simplifies to £d" n" n-Ttn'tn-T n . 1 _ n n-1 "3 y
In these last two expressions, the incremental rotation vector • p. 1 is such that • n -1 • • nexp •* n n . 1 and, in view of (11), it is orthogonal to e3. After defining the discrete action sum as in (21), the discrete equations of motion are readily obtained:
Theorem 2 The discrete equations of motion for the free dumbbell associated with the discrete Lagrangian (41) are:
-t n • t n . 1 2 with, the rotation update being, as above,
Proof The result is proved by imposing the stationarity of the discrete action sum with respect to variations of the form:
The steps are very similar to those in the proof of Theorem 1. Details are omitted.
Conservation laws
The discrete Lagrangian (40) inherits the symmetry of the continuous one, hence it is invariant under the action of G that Jrans/orms every unit vector of the sequence D as d n • exp »e3 d n , for some • • • . By the discrete version of Noether's theorem, a conserved quantity must exist. It can be identified as the projection onto the e3 direction of the discrete momentum
In this expression, • ^ 1 is the algorithmic approximation of the body angular velocity in the interval 'tn'tn-1*-To show that the third component of • fj. 1 is preserved, we take the dot product of both sides of (42). Noting that the right hand side vanishes for g • g»t«e3 it follows that . n . rr 1 I-n^-e 3 -I-n^^-e 3 -(45) • t n • t n . 1 Finally, using the properties of the exponential map, we can write the previous expression also as: Similarly to what happened in the case of the rigid body, the variational integrator (42) possesses a discrete conservation law associated with the continuous one, but not identical. In this second example, the most natural definition of angular momentum would be:
Ii* IT 1 with 1 being the rotation at the midpoint t n . i defined as in (33). We conclude by noting that, due to its variational nature, the algorithm (42) preserves a discrete symplectic form. 
5. Update the rotation and the direction vector at time t n . 1
6. Update the discrete momentum (52) n , * n * * tr 1 n IT 1 ' o IT 1
7. If n • N, increment n and go to 3.
We note that the angular velocity, the momentum, and the direction vector could be eliminated from the algorithm equations and postprocessed from the solution later. Only the configuration variables (the rotations) need to be stored. In this section we present numerical results of the motion of a rigid body of (non-physical) inertia tensor I • diag-9-4-1«. The initial position of the body is given by the matrix (53) and it has initial angular velocity o • »3Ei« 12E 3 . First we evaluate the qualitative properties of the proposed variational algorithm in the reduced picture. We study the solution of the described rigid body in the time interval "OS* with a time step size of • t • 0*05. Figure 1 shows the evolution of the three components of the algorithmic body momentum • ^ 1 and the standard •* n . i. The curves on the plots are almost indistinguishable but only the norm of the first momentum is exactly preserved. The norms of the discrete and "standard" momenta are shown on the left of F ig. 2. Whereas the norm of the discrete momentum is exactly preserved, the norm of the "standard" momentum oscillates. The total energy in the solution provided by the variational integrator fluctuates around a constant value, as it is shown in Fig. 2 (bottom) . As with other variational integrators, the average (discrete) energy value is not the exact one but close to it. See, for example, [27] . Of course, as the time step is refined, the average value of the discrete energy converges to the exact value.
If
Next we explore the accuracy of the solution provided by the variational integrator. For the problem under study an analytical solution can be found for the exact body momentum • ex't* This allows to precisely measure the errors made in the solution of Euler equations. Figure 3 shows the errors made in the time integration of Euler equations with the proposed integrator and three other second order methods. The first method is the midpoint rule, The second one is the energy-momentum The last one is the Liemid integrator All these methods are described in the Appendix. The first two preserve energy and momentum during the motion. The last one preserves the momentum but the energy, which is not preserved, oscillates around a constant value, similarly to the proposed method. Recently, it has been pointed that conserving algorithms such as the ones of references [4, 23] are not as accurate as expected in long term simulations of problems involving forcing. It remains to investigate the accuracy in such situations of the corresponding variational integrator. The equations of such method can be obtained from the stationarity of the associated discrete action, but are more involved than (26) and fall outside the scope and goals of the current work. Figure 4 depicts the evolution of the three components of the discrete angular momentum (44) and the third value of the "standard" momentum •* n . 1>2 -The exact preservation of the third component of the discrete angular momentum can be observed. I n contrast, the same component in the momentum •* n . 1 oscillates. The total energy in the discrete solution, depicted in Fig. 5 , also oscillates but always remains close to initial value (since the system is conservative, this is always the exact value).
Finally, in Fig. 6 , the errors in the computation of the angular momentum and the direction vector at the end of the simulation interval are shown, and compared with the results of two other common second order integrators. See Appendix B for a summary of these two algorithms. The solutions obtained with each method are compared with a reference solution obtained with the midpoint rule and a small time step of size* W • 10' 4 . The figure reveals the second order accuracy of the three methods. We stress the fact that the variational integrator in the only explicit method of the three compared.
Summary
We have presented the simplest variational integrators for Euler's equations and the equations of motion of the rigid dumbbell. Both integrators are obtained invoking the stationarity of their corresponding action sums, defined in terms of discrete Lagrangians whose specific form has been provided. These Lagrangians are formulated on nonlinear manifolds and do not make use of Lagrange multipliers. For Euler's equations, the resulting method is a nonlinear, one step, second order accurate, implicit update map with a computational cost comparable to that of similar implicit methods for Euler's equations. In the case of the dumbbell, the method is second order accurate but explicit. Both methods have interesting geometrical properties, among which is the presence of discrete conservation laws. We have identified the precise form of the discrete momentum for each problem and algorithm studied. We have presented numerical simulations to illustrate the properties and the accuracy of the proposed methods. The results confirm that the variational methods preserve a discrete momentum and provide a osci I latory energy that closely approximates the exact value of the continuum equations. Numerical tests hast been performed to evaluate the accuracy of the proposed methods and compare them with similar integrators available in the literature. The results suggest that the accuracy of the variational methods is similar to that of other popular second-order methods.
Extensions of the proposed methods to i ntegrate, for example, the equations of the heavy top are not difficult, although the final form of the equations is rather long, as compared with other integrators. In contrast, our attempts to develop higher order variational integrators for the rigid body as well as second order variational methods for the dynamic equations of geometrically exact rods lead us to conclude that both tasks are quite involved.
